We introduce a simple but practical method to measure the optical transmission matrix (TM) of complex media. The optical TM of a complex medium is obtained by modulating the wavefront of a beam impinging on the complex medium and imaging the transmitted full-field speckle intensity patterns. Using the retrieved TM, we demonstrate the generation and linear combination of multiple foci on demand through the complex medium. This method will be used as a versatile tool for coherence control of waves through turbid media. 
Introduction
Light transport through complex media is a fundamental optical phenomenon relevant to various research fields and applications from light localization [1] , quantum secure authentication [2] , and random lasers [3] to imaging through highly turbid media such as biological tissue [4] . Recently, research has revealed the potential of coherent control of multiple scattered light [5] that exploits the linear relationship between incident and transmitted light fields through a scattering medium, which is described by a transmission matrix (TM). One class of approaches to control multiple light scattering involves wavefront shaping techniques [6] that manipulate the wavefront of a beam impinging on a scattering medium in such a way as to control the transmitted light field. Employing a spatial light modulator (SLM), the optical wavefront before the scattering medium is optimized by monitoring the transmitted light using various feed-back algorithms [6] [7] [8] . The advantage of the wavefront shaping technique lies in the simple optical system, which has been utilized in recent works demonstrating a high degree control of scattering light fields in space [6, 9] , time [10] , wavelength [11] , polarization [12] , imaging [13] , transmission energy [14] , at sub-wavelength scales [15] , and photo-acoustically guided light [16] . However, unfortunately, such methods only access one output mode at a time; as many optimization processes should be performed as the number of optical modes of interest. In spite of the simplicity of the method, this limitation prevents practical applications of wavefront shaping techniques.
Measuring the TM of a turbid medium is an elegant technique for coherent control of multiple scattered light fields because light transmission through a scattering medium is completely described by the TM. Recently, TM approaches have shown potential in focusing [17] , delivering images [18] [17, 23 ] using a common-path interferometric setup equipped with a SLM. However, in this approach only a portion of SLM pixels was used to modulate modes of incident fields, while the remaining SLM pixels had to be kept static for a reference beam, which limited the number of measurable modes in the TM measurements. Alternatively, an interferometer equipped with a rotating galvano-meter based mirror [24] can directly measure the complex amplitudes of transmitted light, from which the TM can be obtained. However, these approaches require complicated optical setups such as Mach-Zehnder interferometry and the setups usually suffer from stabilization issues due to phase noise. Otherwise, one can add a reference arm before entering a scattering medium and this will not sacrifices the resolution of a SLM [25] . However, the addition of a reference arm inevitable accompanies the complexity of a setup as well as interferometric instability.
Here we introduce a simple but powerful method to directly measure the optical TM of turbid media exploiting iterative approaches for point optimization. Our approach does not require the addition of a reference beam while fully utilize the resolution of a SLM, exploiting the principle that information about optimized wavefronts at the incident side that result in the generation of optical foci at every single point at the output side is exactly the same information as that of the TM of the system. By modulating the wavefront of incident beams using a SLM and simultaneously collecting consequent two-dimensional intensity maps of transmitted speckle fields, a series of optimized wavefront information to generate individual foci at the transmitted side can be obtained at the same time. From this information, the optical TM of a turbid medium can be directly reconstructed. Our method uses only the simple optical setup used in conventional point optimization techniques, but it directly provides TM measurements that had previously been obtained only by using complicated interferometric approaches.
The paper is organized as follows. In Sec. II, we define the problem and present the detailed principle of the algorithm. The experimental setup and the sample preparation are described in Sec. III. In Sec. IV, we present the measurement of a TM of a highly scattering layer. Furthermore, we demonstrate the generation of multiple foci through the turbid layer on demand using the measured TM information. The approach for directly measuring an optical TM with a simple setup for wavefront shaping can be readily used in various direct applications in complex optics.
Principles

Problem definition
The concept of an optical system discussed in this paper is illustrated in 
Thus, measuring the TM of an optical imaging system m n y x t or t mn for all (m,n) pairs provides the full information about light transport in the system. 
Procedure to measure a transmission matrix
The proposed algorithm measures the TM of a turbid layer using a wavefront shaping method that is expanded from the parallel wavefront optimization method [26] . Whereas the previous parallel wavefront optimization method finds the optimized wavefront of an illumination beam that generates a focus through random scattering media, our approach utilizes the fullfield speckle intensity maps in order to simultaneously obtain the optimized phase maps that give rise to focusing at various positions through scattering media. In order to fully exploit pixels in the SLM, we divided the SLM pixels into two groups, as shown in Figs. 2(a) and 2(b). One group modulates the impinging wavefront ('signal beam'), while the other part remains fixed in order to provide controlled reference beams. We applied the phase information to each group in a checkerboard pattern to ensure the reference field has light intensity comparable to the signal field over the field of view in a camera.
For convenience, let the signal and reference groups in the SLM plane consist of pixels , we assigned distinct modulating frequencies to different SLM pixels in the single group. The zero frequency is assigned to SLM pixels in the reference group. This procedure enables the parallel modulation of SLM pixels, which results in fast and robust wavefront shaping. Then, the optical field transmitting a scattering medium can be described as a sum of the reference R and sample S fields, 1 1 ,
where N and G are the total number of SLM pixels in the reference and sample groups, respectively. Inserting Eq. (3) 
Because the third term in Eq. (4) is the information of interest to construct a TM, we need to decouple the third term from the others. To achieve the goal, we measured a series of fullfield intensity maps at the detector plane (total number of the series is 4G) with
, where ω 0 is the frame rate of the detector. Then, the harmonic frequency 
Reference phase matching
In order to construct an exact TM from the retrieved optimized phase patterns, it is crucial to access the reference fields. 
where m x m x y R r ≡ for the simple notation.
For TM construction, it is important to compensate two different reference fields in Eq. (5). For this purpose, we introduce an algorithm for reference phase matching, as illustrated in Fig. 2(c) . We modulated all the pixels in each group in the SLM with two characteristic frequencies, ω 1 and ω 2 , and measured the corresponding series of speckle intensity patterns, 
where 0 R is the ambient reference field. Equation (6) 
From the obtained information in (10), the phase part of the TM can be directly constructed. It should be noted that the two steps for recording half the TM use different reference fields, which causes that the amplitude part of the reconstructed TM is related to the real one by a matrix representing a static reference field [17] . Alternatively, it can be completely compensated if both the amplitude and phase is modulated at the SLM plane.
Methods
Optical setup
The experimental setup for measuring TMs using the present method is shown in Fig. 3 . A diode pumped solid state (DPSS) laser (λ = 532 nm, 100 mW, Shanghai Dream Lasers Technology, China) is used for an illumination source. The beam from the laser is spatially filtered and expanded using a 4-f telescopic imaging system. The input and output polarization states of the beams to a spatial light modulator (X10468-01, Hamamatsu Photonics Inc., Japan) are maintained to be linearly polarized using two polarizers (LPVISE100-A, Thorlabs Inc., USA). The polarization direction of the incident light to the SLM is aligned to the working direction of the SLM, which modulates the phase of an outgoing wave while maintaining the polarization states. The modulated beam from the SLM is projected onto a surface of a scattering sample via an objective lens (60 × , NA = 0.8, CFI 60X, Nikon, Japan) and a 4-f telescopic imaging system. The demagnification factor from the SLM to the sample plane was set as × 600. The light transmitting through the scattering sample was collected using an objective lens (60 × , NA = 0.8, CFI 60X, Nikon, Japan) and then projected on a CMOS camera (Lt365R, pixel size = 4.54 μm, Lumnera Inc., USA) via a 4-f telescopic imaging system. 
Scattering sample preparation
Turbid media used in the study were made of commercial spray paint (Pingo General, Noroo Paint, South Korea), consists of TiO 2 nanoparticles with a mean diameter of 200 nm and fixative polymer [15] . The paint is sprayed onto a glass coverslip, and the thickness of a scattering layer was measured as 39.2 μm. The effective refractive index of the scattering layer was calculated as 1.787 using elemental analysis obtained by energy dispersive x-ray spectroscopy.
Results and discussions
Using the optical setup and the algorithm described in Section 3, we measured the TM of a turbid layer made of spray paint containing TiO 2 nanoparticles. The phase part of the reconstructed scattering layer Fig. 4(a) . The row and column of the TM are the output and input channels, which correspond to the pixel indexes of the camera and the SLM, respectively. In order to validate the accuracy of the proposed method, we retrieved optimal phase maps that gave rise to foci at specific points at the CCD plane (e.g., Fig. 4(b) ). Then we applied these optimal phase maps to the SLM and measured corresponding intensity maps at the CCD plane. Figure 5(a) shows movements of the optimized focus along a diagonal direction beyond the scattering sample by applying a series of columns of the measured TM. A clear focus is formed at the target position. This result clearly demonstrates the accuracy of the measured TM. Because the single TM measurement provides full information about the wavefront of impinging beams to generate a focus at every point on the CCD plane, we can generate an optical focus at an arbitrary point without any further optimization processes. The intensity enhancement factors η, defined as the ratio of the intensity of generated foci over the averaged intensity in backgrounds, were 460 with 990 SLM segments. This enhancement is approximately 59.2% of the theoretically expected value (η = 778) [6] . We attribute this difference to the inhomogeneous voltage-phase response functions of SLM pixels, phase digitization due to the limited bit-depth of the SLM (158 digits for 2π in used wavelength), and the laser intensity fluctuation. The total time for measuring a TM with a size of 990 × 36,864 was 1.32 × 10 3 sec. In the present method, the time for measuring a TM is comparable to the parallel wavefront shaping technique, which is only able to generate a single point. The measurement speed in the current study is mainly limited by the refresh rate of the SLM. The measurement speed can be further enhanced by employing fast wavefront modulating devices, including a dynamic mirror device or a deformable mirror [27] [28] [29] . To demonstrate the applicability, we demonstrate that the optimized phase map to generate multiple foci at the CCD plane can be directly obtained from the measured TM. The optimal phase map for the impinging beam in order to generate multiple foci on Y different positions can be obtained from a linear combination of optimal phase maps to generate foci on the wanted positions or a sum of the corresponding rows of the TM corresponds to the optimal phase map to generate multiple foci: † 1 .
By adding multiple rows of the TM and applying the combined phase map to the SLM, the generation of multiple foci (Y = 2, 3, 4, and 5) was obtained as shown in Fig. 5(b) . Multiple foci were clearly generated by applying the phase information calculated from the measured TM. Again, the TM information can be fully obtained via one wavefront shaping process; the generation of multiple foci on demand can be readily achieved without performing additional wavefront shaping or optimization processes. To further exploit the expandability of the proposed method, we also demonstrate the controlled distribution of transmission energy to multiple foci generated using the TM information 

. Using conventional wavefront shaping methods, one can generate multiple foci in a single optimization process, but it is impossible to control the intensities of individual foci. One may only achieve the goal by performing a series of wavefront shaping processes in conventional approaches [13] . The present approach, however, achieves the TM measurement in one optimization process, and thus one can directly generate multiple foci with individually controlled intensities. Figure 6 shows the results for a case of 2 Y = . The simple addition of weighting factor 1 α enables the redistribution of energy to each focus in a controlled manner. 
Conclusion
In summary, we report a simple, practical, but powerful method to measure a TM by simultaneously multiplexing pixels in a SLM and a detector. By performing one optimization setup for wavefront shaping, a TM of an optical system can be directly retrieved with a simple imaging system. This is the first report on combining both iterative algorithms for point optimization and TM measurement approaches. In fact, the algorithms and discussions presented in this paper indicate that these two different approaches address the same exact information in light transport through complex media.
Using the proposed method, we measured the TM of a highly scattering medium consisting of TiO 2 nanoparticles. Utilizing the measured TM, we demonstrate the generation of an optical focus at different positions and multiple foci with controlled intensities. The proposed approach will be particularly useful in coherent control of multiple light scattering because (1) the proposed method uses only a simple optical setup for wavefront shaping, which is unlike conventional approaches based on interferometric microscopy, (2) the measure speed is very fast; only one wavefront shaping process is enough to generate TM information, (3) the pixel resolution of a SLM is fully utilized, which enables a high degree of control. Furthermore, we note that digital optical phase conjugation [30] [31] [32] [33] [34] can also be addressed with the present method.
Considering the growing importance of light control in complex media, we suggest that the proposed direct method for measuring optical TM will open up new avenues of various studies, including focusing, imaging, and sensing in various applications ranging from noninvasive biomedical optics [35-37], addressing light localization regions such as in Anderson localization or Levy walks.
Note added.−After submission of this paper, a relevant work using a digital micro-mirror device appeared [38] .
